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Abstract

Two experiments examined the content of novice and expert
representations for both surface and deep structural elements
of arithmetic equations. Experiment 1, which used a forced-
choice categorization task in which surface features of equa
tions (e.g., digits) competed with deep structural principles of
mathematics (associativity and commutativity), found that ex-
perts were more likely to focus on principles in their judg-
ments than were novices, who focused more often on surface
elements. Experiment 2, using a similar task, introduced trials
in which only principled elements varied. Novices were able
to focus on principled elements in this case, but failed to
transfer these representations when surface features were re-
introduced. These findings indicate that novices had knowl-
edge of the principles, but that they did not attend to them
when competing surface features were present.

I ntroduction

It has been well established that in various knowledge
domains (e.g., physics, mathematics, or chess) experts ap-
proach problems in a manner different from that of novices
(Chase & Simon, 1973; Chi, Feltovich, & Glaser, 1981;
Larkin, 1983; Simon & Simon, 1978; Reed, Ackinclose, &
Voss, 1990). In particular, while experts are more likely to
focus on hidden relational properties of a problem, novices
are more likely to focus on less important surface features of
a problem. However, while there is some understanding of
the content of mental representation (i.e., of which aspects
of information are likely to be represented and which are
likely to be left out), the process of construing the represen-
tation remains largely unknown. Do people attend to and
encode those aspects that are left out, but then discard them,
or do they fail to attend to and encode these "irrelevant”
aspects?

The current paper (Part 1) focuses both on establishing
differences in content of representation for experts and nov-
ices within a simple domain (arithmetic) and testing a num-
ber of viable explanations that could account for these dif-
ferences. A subsequent paper (Part 2) focuses on examining
differences in the process of construing representations for
experts and novices.

There is alarge body of literature indicating that in prob-
lem solving, reasoning, learning and transfer, and problem

categorization, novices tend to focus on surface features
rather than on deep relational properties. These effects have
been demonstrated in a variety of knowledge domains, in-
cluding chess (Chase & Simon, 1973), mathematics (Bless-
ing & Ross, 1996; Schoenfeld & Herrmann, 1982; Bassok,
1996, 1997; Novick, 1988; Reed, et al, 1990; Silver, 1981),
physics (Chi, et @ 1981; Simon & Simon, 1978; Larkin,
1983; Larkin, McDermott, Simon, & Simon, 1980), and
computer programming (Adelson, 1984). Similar effects
have been observed in a variety of knowledge-lean domains,
such as deductive and inductive inference. When presented
with deduction problems, untrained reasoners often tended
to ignore the argument's logic (i.e., its deep structure) while
relying on the argument's surface features, such as content
and believability (Evans, Newstead, & Byrne, 1993; John-
son-Laird & Byrne, 1991). When presented with induction
and analogy problems, novices and young children also of-
ten ignored deep relational structure while relying on the
surface features (Gentner, 1989; Holyoak & Koh, 1987).
While there is little disagreement that novices focus on
surface features, it remains unclear why novices tend to fo-
cus on surface features and not on deep relational properties.
One possible explanation of novices' tendency to represent
surface features is that novices merely have little knowledge
of deep structural relations. However, while this possibility
is capable of explaining expert-novice differences in ex-
tremely knowledge-demanding domains, such as medical
diagnostics, chess, or advanced physics, it falls short of ex-
plaining these differences in fairly simple domains, such as
elementary mathematics and physics. For example, re-
searchers examining novices' representations in mathematics
and physics often drew examples from students' textbooks,
thus reasonably assuming that students should be familiar
with the deep structure underlying these problems (Chi, et
al, 1981; Larkin, 1983; Novick, 1988). The credibility of the
lack of knowledge explanation is further undermined by
findings that even those novices who receive instruction in a
domain often continue to focus on surface features rather
than the deep structure of a problem. These has been dem-
onstrated across a variety of knowledge domains, including
mathematics (Morris & Sloutsky, 1998) and physics (Kaiser,
McCloskey, & Proffitt, 1986; McClosskey, 1983). Findly,
the fact that findings on novices representations in knowl-
edge-lean domains are compatible with those in knowledge-



rich domains makes the low knowledge explanation even
less plausible. At this point, however, lack of knowledge
cannot be ruled out as an explanation for differences in
problem construal by experts and novices. It is also possible
that surface features are used more frequently by novices,
and, as a result, they are more available than deep relational
properties (cf. Anderson, 1990). Henceforth, we will refer to
this possibility as the availability explanation.

Another possibility that appears more credible is that even
when novices know about deep relations and are capable of
extracting these relations, they till fail to represent these
relations because surface features are more prominently pre-
sent in the problem. In failing to represent relational fea
tures, they may either fail to encode relations, or these rela
tional features may lose attentional competition to more sa
lient surface features. However, this representational proc-
essing explanation can only be tested if the above-described
explanations are eliminated as possibilities. In the current
paper, then, the focus is on establishing difference in content
of representations of experts and novices within the domain
of arithmetic, and then testing the knowledge and availabil-
ity explanations. If differences between experts and novices
are found, and the data are inconsistent with the predictions
of the alternative explanations, then the way is cleared to test
the representational process explanation.

The goa of the current studies, then, is to establish why
experts and novices differ in the content of their problem
representations. To achieve this goal, we deemed it neces-
sary to control for knowledge factors, while manipulating
representational factors. In controlling for knowledge fac-
tors, we () used simplified tasks and (b) selected only those
deep properties that were well familiar to a wide range of
participants. In particular, we selected the commutative and
associative properties of arithmetic, because these principles
are learned in the elementary school and revisited in the
beginning of the middle school (Everyday Mathematics:
Teacher's Reference Manual, 1998), and therefore are likely
to be familiar to the majority of middle school students and
college undergraduates.

In this paper, we present two experiments. In Experiment
1, experts and novices in mathematics were asked to group
arithmetic equations. These groupings could be based either
on the commonality of surface elements (e.g., digits used,
the number of constituent elements in the equations) or on
the commonality of a deep mathematical relation (principles
of commutativity or associativity). In Experiment 2, we in-
troduced a two-phase grouping task. During the first phase,
deep relations were "unmasked," such that surface elements
were not varied among the compared equations. During the
second phase, the deep relations were "masked" again by
reintroducing competing surface elements.

Experiment 1

The goal of this experiment was to validate the principles
in question and to eliminate the possibility that expert-
novices differences stem from differences in overdl intelli-
gence (or age) between novices and experts.

Method

Participants Five samples were selected for the current
experiment. The first group, which will be referred to as the
“younger children”, contained 20 first- and second-graders
taken from an elementary school (M = 7.26 years, D =
0.59; 8 girls and 12 boys). The second group, which will be
referred to as the “older children”, contained 16 sixth-
graders taken from a middle school (M = 12.10 years, SD =
0.38; 5 girls and 11 boys). Both of these groups were se-
lected from schools located in an upper middle-class suburb
of Columbus, Ohio.

The third group of participants consisted of 25 under-
graduates in an introductory psychology course at a large
Midwestern university who participated for course credit.
This group had an average age of 19.78 years (SD = 1.38),
with 11 women and 14 men.

These three groups of mathematics "novices' were con-
trasted with a group of mathematics "experts'. This group
consisted of 20 graduate students in a Mathematics depart-
ment at the same university who participated for payment of
ten dollars. This group had an average age of 28.88 years
(SD =6.05), with 7 women and 13 men.

However, differences between "experts' and "novices'
were not limited to expertise. Experts were also older and
they might represent a self-selected group with respect to an
overall ability. Therefore, we deemed it necessary to select a
matching group that would be similar to experts in terms of
age and overdll ability, while differing in the level of exper-
tise. This matching group consisted of 16 graduate students
in a History department at the same university who partici-
pated for a payment of ten dollars. This group had an aver-
age age of 29.93 years (SD = 4.67), with 8 women and 8
men.

Materials Five features of arithmetic equations were used in
Experiment 1. Two of these features were considered "prin-
cipled properties’, in that they represented deep, relational
principles of mathematical operations: the associativity and
commutativity principles. The former states that for addi-
tion, subtraction, and multiplication, constituent parts can be
decomposed and recombined in different ways (e.g.,a+ b=
[a—c + ] +h). The latter states that the order of elementsis
irrelevant for addition and multiplication (e.g., a+b=b +
a). The other three features were nonprincipled surface fea-
tures that occur in arithmetic equations. (1) digits (e.g., 6,
3); (2) sign (eg., -, +); and (3) the number of constituent
terms in an equation. The numerical solutions of equations
were controlled for by making these solutions either all
equal or al equivalently different for each trial.

A forced-choice similarity paradigm was used in this ex-
periment. Participants were presented with three cards at a
time, a target card and two test cards, each which had
printed on it an arithmetic equation. Participants were in-
structed to match the problem on the target card to one of
the test problems with which they believed it was most
similar. Each of the two test problems shared one feature
with the target problem, and differed on the feature that the
target shared with the other test problem, with al other fea-



tures held constant. All five features were pitted directly
against each other, with the exception of the two principled
features, yielding a total of nine feature comparisons. For
example, on one of the trial in which commutativity com-
peted with digit, the Target problemwas6+3+4=3+4 +
6, the digit test problemwas6 + 3+ 8 =3 + 4 + 10, and the
commutativity test was7+2+8=8+2+7.

There were four exemplar arithmetic equations repre-
senting each of the nine comparison sets, resulting in a total
of 36 trials presented to participants. The numbers used in
the arithmetic equations ranged from 1 to 15, and the opera-
tions used included addition, subtraction, and multiplication.

Procedure All participants were run individually by a male
experimenter into a small, quiet room. Participants were
instructed that they would be presented with math problems
for which they were to group together problems that were
similar. A warm-up trial was used to acquaint participants
with the task. For the warm-up trial, the participant was pre-
sented with cards containing Gelman and Markman'’s (1986)
blackbird-flamingo-bat figures. The target card, which de-
picted a blackbird that looked similarly to the bat and dis-
similarly from the flamingo, was placed equidistantly below
the flamingo and bat cards, which were the test items. The
experimenter pointed to each of the two test items, and
asked the participant “which of theseis more like this,” after
which the experimenter pointed to the target item. After
participants chose one of the test items, the experimenter
asked the participant “why did you choose that one?’ After
the participant's verbal explanation (either based on physical
similarity or the commonality of species), the experimenter
pointed out that the other test item could have also been
chosen based on the other attribute, and made the point that
similarity can simultaneously occur across multiple dimen-
sions. All participants showed understanding of this concept
and of the task.

Four trials for each of the nine features-principle compari-
sons resulted in a total of 36 trials, which took approxi-
mately 30 minutes. Trial order was determined using a block
randomization procedure. The positioning of the test items
in relation to the target (i.e., left or right) was counterbal-
anced across comparison type.

Results and Discussion

The main goa of this experiment was to examine partici-
pants knowledge of principles in question. To achieve this
goal, we considered as choices indicating knowledge only
those for which the participants explanation of the choice
was consistent with the principle. This was done because
participants could select principled test stimuli for a reason
that might have nothing to do with the principle in question.
Only explanations directly referring to the principle in ques-
tions were considered choice-consistent. The proportion of
consistent choices for each principle is the dependent vari-
able used in the forthcoming analyses.

The degree to which participants in each sample made ex-
planation-consistent principled choices was analyzed using a
one-way ANOVA for each principle across samples. Table 1
presents overall percentages of explanation-consistent prin-

cipled choices aggregated across trials by principles and age
groups. The ANOVA for explanation-consistent associativ-
ity choices yielded a significant difference among the sam-
ples in the proportion of choices made, F (4, 92) = 30.72,
MSE = .07, p < .001. The percentage of explanation-
consistent associativity choices increases monotonically
across the five samples. The ANOVA for explanation-
consistent commutativity choices also indicated that there
was a significant difference among the samples in the pro-
portion of choices made, F (4, 92) = 23.61, MSE = .08, p <
.001. As shown in Table 1, the percentage of explanation-
consistent commutativity choices also increases monotoni-
cally across the five samples.

Table 1: Means and standard deviations (in parentheses)
for percentage of explanation-consistent principled choices
in Experiment 1.

Principle
Sample Associativity Commutativity
Y ounger children 0.00 (0.00) 0.00 (0.00)
Older children 2.08 (6.04) 9.03 (17.32)
Undergraduates  10.66 (26.15) 20.44 (30.71)
History grads 26.39 (38.89) 36.81 (35.54)
Math grads 80.00 (36.34) 77.22 (35.95)

Bonferroni post-hoc tests (with a = .05) were used to
compare the mean proportion of explanation-consistent
principled choices for each sample. These tests yielded
identical patterns for both the associativity and commutativ-
ity principles, indicating that there were not significant dif-
ferences in the proportion of explanation-consistent princi-
pled choices by younger children, older children, and under-
graduates, that History graduate students made significantly
more explanation-consistent principled choices than younger
children, and that Mathematics graduate students made sig-
nificantly more explanation-consistent principled choices
than each of the other four samples.

Results from Experiment 1 point to several important
regularities. First, experts were found to consistently repre-
sent principles when categorizing arithmetic eguations,
whereas novices were more likely to focus on surface fea-
tures rather than on principles; even when novices did focus
on principles, they did so inconsistently. Second, very few
younger children exhibited knowledge of principles in ques-
tion. Third, expert-novice differences were not limited to
age or genera intelligence: history graduate students and
math experts, equally aged groups with similar levels of
overall intelligence, exhibited large differences in using
deep principled features. Thus the experiment allows us to
eliminate the possibility that general ability or development
account for expert-novice differences.

However, Experiment 1 left an important question unan-
swered: it remains unknown why many novices faled to
focus on deep principled features. One possibility is that
novices merely lack knowledge of these principles. A sec-



ond possibility is that surface elements are more available
than deep relational features due to a more frequent use of
the former. The goal of Experiment 2 is examine the two
possibilities.

Experiment 2

To accomplish the main goal of this experiment (i.e., to
distinguish among the above mentioned possibilities), it was
necessary to observe whether novices represent principled
features when these features do not compete with surface
elements. In the current study, then, participants were given
a number of trials in which the target problem shared a prin-
cipled feature with one of the test problems, and shared no
unique surface features with the other test problem. We refer
to thesetrials as “unmasked” since principled features are no
longer attentionally “masked” by surface elements.

In addition, in the current experiment the “unmasked” tri-
als are followed by “masked” trials equivalent to the trialsin
Experiment 1, in which the surface elements are reintro-
duced to compete with principled features in participants
similarity judgments. Thiswill enable the examination of the
degree to which representations of principled features will
be maintained, or whether the surface features will draw
attention away from principled features, such that thereis no
transfer of representation due to the positive learning set. If
the former is true, then it is expected that participants ex-
planation-consistent principled choices will be more fre-
quent for the subsequent “masked” trials than they were in
Experiment 1; if the latter is true, then there should be no
difference between the frequency of these choices.

If novices are more likely to make explanation-consi stent
principled choices in "unmasked" trials, it indicates that they
have knowledge of the principles in question, thus under-
mining the lack of knowledge explanation. If novices are
more likely to represent principles in “unmasked” trials but
there is no transfer to “masked” trials, this finding would
undermine the availability explanation.

Method

Participants Three samples were selected for Experiment 2,
each representing a different age group. Two of the groups,
the “younger children” and the “older children” used the
same participants from Experiment 1; Experiment 2 was
conducted approximately four months after Experiment 1 for
both samples. The third group of participants consisted of 19
undergraduates in an introductory psychology course at a
large mid-western university who participated for course
credit. This group had an average age of 21.79 years (SD =
6.49), with 12 women and 7 men.

Materials and Procedure The same principled features
(i.e., associativity and commutativity) and surface features
(i.e., digit, sign, and number of elements) used in Experi-
ment 1 were used in Experiment 2. The same nine compari-
sons used in the previous experiment were again used here
for the last 27 trials (three trials for each of the nine com-
parisons). In addition, in the current experiment, the first

eight trials consisted of ‘unmasked’ comparisons, thus lead-
ing to atotal of 35trials.

For the “unmasked” trials, each of the two principled
features (i.e.,, commutativity and associativity) was com-
pared four times against ‘control’ problems. For these trials,
the two test problems were equivalently similar to the target
on nonprincipled features, while one test problem shared a
principled feature with the target problem. For example, for
an unmasked-commutativity trial, the target equation was 2
+6+8=06+ 8+ 2, the commutativity Test equation was 11
+1+5=5+1+ 11, and the control Test equation was 3 +
9+5=12+4+1.

Results and Discussion

We first analyze performance in "unmasked" and "masked"
trials across the three groups of novices. For purposes of
clarity, we will refer to "masked" trials in Experiment 1 as
Masked 1, whereas "masked" trials in Experiment 2 will be
referred to as Masked 2. Again, when analyzing perform-
ance, we will focus on the proportion of choices made by
participants for only the trials in which mathematical princi-
ples were present, and we will consider only those choices
for which the participants explanation of the choice was
consistent with the principle. We first present the analyses of
Unmasked and Masked 2 trias, followed by comparisons
across Masked 1, Unmasked, and Masked 2 conditions.

The degree to which participants in each sample made ex-
planation-consistent principled choices in the Unmasked
comparisons was analyzed using a one-way ANOVA for
each principle across the three samples. The ANOVAs for
explanation-consistent  associativity and commutativity
choices revealed significant differences among the samples
in the proportion of choices made, Fs (2, 51) > 5.42, ps <
.01. As evidenced in Table 2, the percentage of explanation-
consistent principled choices increased monotonically with

age.

Table 2: Means and standard deviations (in parentheses) for
percentage of explanation-consistent principled choices in
Experiment 2.

Trial Type
Sample Unmasked Masked 2
Associativity
Y ounger Children 0.00 (0.00) 1.17 (5.10)
Older Children 20.31(29.18)  6.94 (15.11)
Undergraduates 27.63 (36.22) 18.13 (27.27)
Commutativity
Y ounger Children 15.79 (30.29) 1.75 (7.65)
Older Children 67.19(29.89)  15.28 (22.18)
Undergraduates 90.79 (20.77)  35.09(36.71)

Bonferroni post-hoc tests (with a = .05) were used to
compare the mean proportion of explanation-consistent
principled choices for Unmasked trials for each sample. For
associativity trials, this test indicates only one statistically



significant difference among samples, that undergraduates
made more explanation-consistent associativity choices than
younger children. However, for commutativity trials, all
between-sample comparisons were statistically significant.
Aggregated across both principles, less than 10% of the
younger children's responses were principle-based, while
almost 50% of older children's responses and over 60% of
undergraduate students' responses were principle-based.

It should be noted that there were large differences in the
proportion of participants focusing on commutativity and
associativity, with the former being greater than the latter.
However, even for associativity, where effects were smaller
than for commutativity, around 50% of older children and
undergraduates provided at least one explanation-consistent
principled choice, thus exhibiting knowledge of the principle
in question.

The degree to which participants in each sample made ex-
planation-consistent principled choices in the Masked 2
comparisons was also analyzed using a one-way ANOVA
for each principle across samples. The ANOVASs for expla
nation-consistent associativity and commutativity choices
yielded a significant difference among the samples in the
proportion of choices made, Fs (2, 51) > 4.1, ps < .05.
Again, as evidenced in Table 2, the percentage of explana-
tion-consistent principled choices increases monotonically
with age.

Bonferroni post-hoc tests (with a = .05) were again used
to compare the mean proportion of explanation-consistent
principled choices for Masked 2 trials for each sample. For
both principles, this test indicates only one statistically sig-
nificant difference among samples that undergraduates made
more explanation-consistent principled choices than did
younger children. These data in conjunction with the results
of the Unmasked condition suggest that even when partici-
pants knew the principle in question, they often focused on
surface features.

Overall proportions of explanation-consistent principled
choices in Masked 1, Unmasked, and Masked 2 trials aggre-
gated across the principles and broken down by sample are
presented in Figure 1. Participants’ explanation-consistent
principled choices on Unmasked trials generally increased in
comparison to their choices on Masked 1 trials. Younger
children gave more explanation-consistent commutativity
choices for Unmasked trials than for Masked 1 trias (t =
2.27, p < .05), though there was not a significant difference
in the amount of explanation-consistent associativity
choices, which is due to a floor effect. Older children gave
more explanation-consistent principled choices for Un-
masked trials than for Masked 1 trials for both principles (t
= 2.65, p < .02 for associativity, and t = 9.8, p < .001 for
commutativity). Undergraduates gave more explanation-
consistent commutativity choices for Unmasked trials than
for Masked 1 trials (t = 8.59, p < .001), though there was a
marginaly significant difference in the amount of explana-
tion-consistent associativity choices (t = 1.81, p = .078).
These differences indicate that unmasking increased the
proportion of principled choicesin all samples.

B Expaiment 1- Masked 1
[ Experiment 2 - Unmesked
[ Expaiment 2 - Masked 2

Percentage of explanation-consistent
principled choices
oBB85883888

Oldkr Cildren
Sample
Figure 1. Percentage of explanation-consistent principled

choices for each sample for unmasked” and “masked” trials
in Experiment 2, and “masked” trialsin Experiment 1.

Younger Children Undergraduetes

Participants explanation-consistent principled choices on
Masked 2 trials generally decreased in comparison to their
choices on Unmasked trials. Younger children gave more
explanation-consistent commutativity choices for Unmasked
trials than for Masked 2 trials (t = 2.37, p < .05), though
there was not a significant difference in the amount of ex-
planation-consistent associativity choices, which is due to a
floor effect. Older children gave more explanation-
consistent principled choices for Unmasked trials than for
Masked 2 trials for both principles (t = 2.74, p < .02 for as-
sociativity, and t = 8.15, p < .001 for commutativity). Un-
dergraduates gave more explanation-consistent commutativ-
ity choices for Unmasked trials than for Masked 2 trials (t =
7.23, p < .001), though there was a marginally significant
difference in the amount of explanation-consistent associa-
tivity choices (t = 1.81, p = .078). These differences indicate
that there was not pure transfer of representations from Un-
masked to Masked 2 trials: once principled features had to
compete again with surface features, the number of explana-
tion-consistent principled choices decreased markedly.

An important question is whether the transfer led to a sig-
nificant increase of explanation-consistent principled
choices compared to when participants were never exposed
to Unmasked trials. That is, whether being exposed to a
positive learning set significantly increased subsegquent at-
tention to principles. To answer this question, we compared
participants' explanation-consistent principled choices on
the Masked 1 and Masked 2 trials. While the proportions of
explanation-consistent principled choices are somewhat
larger for each sample and each principle on Masked 2 trias
than for Masked 1 trials (as evidenced in Figure 3), t-tests
for each comparison revealed that none of these differences
are statistically significant. Thus, the positive learning set of
the Unmasked trials had a nonsignificant effect on the de-
gree to which participants represented principled features of
mathematics problems.

Overal, results of Experiment 2 indicate that 94% of the
middle school participants and 100% of the undergraduate
participants exhibited knowledge of principles in question



(i.e., provided an explanation-consistent principled choice
on at least one tria), focusing on these principles in Un-
masked trials. This finding severely undermines the lack of
knowledge explanation. At the same time, the increase in
younger children's principled choices due to "unmasking"
was rather small, which points to alack of knowledge. How-
ever, even in the two older groups, once nonprincipled fea-
tures were reintroduced, representation of principled prop-
erties attenuated to levels similar to Experiment 1, a finding
that undermines the availability explanation.

Conclusion

The results of the two reported experiments establish a
difference in the content of expert and novice representa-
tions for arithmetic problems. These results suggest that the
observed differences do not stem from a lack of knowledge
of deep principles by novices. The results further suggest
that differences in content of problem representations in
experts and novices may stem from different processing
mechanisms underlying the construal of problem represen-
tations in experts and novices. The research presented in
Part 2 will focus the examination of the processes of con-
strual of problem representations by expert and novices.
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